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The physical implementation of holonomic quantum computation is challenging due to the needed complex
controllable interactions in multilevel quantum systems. Here we propose to implement nonadiabatic holonomic
quantum computation with conventional capacitive coupled superconducting transmon qubits. A universal set
of holonomic gates is constructed with the help of the interaction with an auxiliary qubit rather than relying
on delicate control over an auxiliary level of multilevel quantum systems. Explicitly, these quantum gates are
realized by tunable interactions in an all-resonant way, which leads to high-fidelity gate operations. In this way,
the distinct merit of our scheme is that we use only the lowest two levels of a transmon to form the qubit states.
In addition, the auxiliary qubits are in their ground states before and after every gate operation, so that the
holonomic gates can be constructed successively. Therefore, our scheme provides a promising method towards
the practical realization of high-fidelity nonadiabatic holonomic quantum computation.
I. INTRODUCTION
Quantum computers are believed to outperform their clas-
sical counterparts in solving certain hard problems [1]. How-
ever, quantum states are susceptible to noises induced by their
surrounding environment, thus the practical implementation
of quantum computers is harsh. Since geometric phases de-
pend only on the global properties of the evolution paths, they
can effectively resist the influence of certain local noises and
thus become a promising medium for quantum computation.
Holonomic quantum computation (HQC) [2] is a strategy to
build a universal set of robust gates using non-Abelian geo-
metric phases [3]. This idea was originally proposed based
on adiabatic evolution [4–8], which aims to achieve high-
fidelity quantum computation. However, the adiabatic con-
dition requires a long evolution time, during which environ-
mental noises will ruin designed operations.
For practical quantum computation, nonadiabatic evolution
is necessary [9, 10]. Recently, nonadiabatic HQC by using
the cyclic evolution of a subspace existing in the general three-
level Λ quantum system has been proposed, so that a universal
set of fast geometric quantum gates can be implemented [11–
24]. This type of nonadiabatic gates has been experimentally
demonstrated in superconducting circuits [25–28], NMR [29,
30], and electron spins in diamond [31–34].
The existing nonadiabatic HQC schemes based on three-
level systems require the use of a third auxiliary energy level.
This is challenging for a superconducting transmon, due to the
fact that the corresponding energy spectrum is only weakly
anharmonic, which makes implementation of the controllable
interactions between qubits difficult. In addition, problems
will occur when applying these schemes to quantum error cor-
rection. Since the required projective measurement on multi-
level quantum systems can have a state collapse to the aux-
iliary level, rather than the levels used for a qubit. In order
to avoid this drawback, we propose to realize a nonadiabatic
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HQC scheme [35–38] with capacitive coupled superconduct-
ing transmon qubits, where we construct universal holonomic
gates with the help of auxiliary qubits rather than auxiliary
levels. The distinct merit of our scheme is that the auxiliary
qubits are in their ground states before and after each gate op-
eration so that the problems caused by auxiliary levels can be
overcome. In addition, our scheme uses the lowest two levels
of a transmon to form the qubit states and can result in uni-
versal HQC with conventional resonant interactions, leading
to fast and high-fidelity universal quantum gates. Moreover,
to obtain tunable all-resonant interactions between the target
and the auxiliary qubits, we only need to add modulations on
the target qubits by well-controlled microwaves. Therefore,
our scheme can be readily implemented in a two-dimensional
(2D) lattice composed of coupled superconducting transmons
and, thus, offers promising scalability.
II. ARBITRARY SINGLE-QUBIT GATE
The setup we consider is a 2D lattice composed of coupled
superconducting transmons [39] with different frequencies, as
illustrated in Fig. 1(a). The lowest two levels of each trans-
mon are used to define a qubit. There are two kinds of qubits
in the lattice: those storing quantum information (called tar-
get qubits) and those used to assist in constructing quantum
gates on the target qubits (called auxiliary qubits). Explicitly,
single-qubit holonomic gates on a target qubit (e.g., qubit A)
can be built with the help of a nearby auxiliary qubit (e.g.,
qubit B); an entangling two-qubit holonomic gate on a pair of
adjacent target qubits (e.g., qubits A and C or D) can be real-
ized by an auxiliary qubit (e.g., qubit B) connecting to both of
them. Moreover, through qubit B, a two-qubit gate on qubits
A and E can also be constructed directly, offering a more ef-
ficient scheme to manipulate two remote target qubits. This
indicates the scalability of our proposal.
In order to realize an arbitrary single-qubit holonomic gate
on a target transmon qubit (e.g., qubit A), we introduce auxil-
iary transmon qubit B, which is driven by a classical field and
capacitively coupled to qubit A, as shown in Fig. 1(b). Fur-
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FIG. 1. Proposed setup of our scheme. (a) Configuration of the 2D
lattice consisting of coupled superconducting transmons. Filled red
circles represent target transmon qubits; filled blue circles represent
auxiliary transmon qubits. (b) Transmon A/C interacts with transmon
B via the capacitance between them, the tunable interaction of which
can be obtained by adding a periodical modulation to the transition
frequency of transmon A/C. (c) Orange-slice-shaped evolution path
in the Bloch sphere.
thermore, we consider a realistic case of the transmon, i.e., it
is weakly anharmonic, so that we need to take the third energy
level into account, since the main leakage out of the qubit ba-
sis comes from this level. Assuming that ~ = 1 hereafter, the
Hamiltonian of the coupled system can be expressed as
Hc1 =
∑
χ=A,B
ωχnχ +
αχ
2
(1− nχ)nχ
+ g
AB
(a†b+ ab†) + ε cos(ωt− φ)(b† + b), (1)
where n
A
= a†a and n
B
= b†b, with a = |0〉
A
〈1|+√2|1〉
A
〈2|
and b = |0〉B〈1| +
√
2|1〉B〈2| being the standard lower oper-
ators for transmons A and B, respectively; ωA and ωB are the
associated transition frequencies with αA and αB being the
intrinsic anharmonicities of transmons A and B, respectively;
gAB is the transmon-transmon coupling strength; and ε, ω, and
φ are the classical driving strength, frequency, and phase of
transmon B, respectively.
Since two transmons usually do not have identical energy
splitting, we add a driving on transmon A to induce effectively
resonant coupling between them [40–44]. This can be realized
by adding an ac magnetic flux through the loop of transmon A.
In this way, a periodical modulation of transmon A’s transition
frequency of
ω
A
(t) = ω
A
+ 1 sin(ν1t+ pi/2) (2)
can be achieved. Moving into the interaction picture, the in-
teraction Hamiltonian becomes
HI = gAB
{
|10〉〈01|e−i∆1te−iβ1 cos(ν1t+pi/2)
+
√
2|11〉〈02|e−i(∆1−αB )te−iβ1 cos(ν1t+pi/2)
+
√
2|20〉〈11|e−i(∆1+αA )te−iβ1 cos(ν1t+pi/2)
}
+
ε
2
∑
j=0,1
√
j + 1|j + 1〉B〈j|ei(δ−jαB )teiφ + H.c.,(3)
where ∆1 = ωB − ωA , δ = ωB − ω, β1 = 1/ν1, and
|mn〉 = |m〉
A
⊗ |n〉
B
. We consider the case of resonant driv-
ing on transmon qubit B (δ = 0), and parametric driving com-
pensates the energy difference between transmon qubit A and
transmon qubit B, i.e., ∆1 = ν1. Then, using the Jacobi-
Anger identity,
e−iβ1 cos(ν1t+pi/2) =
∞∑
m=−∞
(−i)mJm(β1)e−im(ν1t+pi/2),
where Jm(β1) is a Bessel function of the first kind. Finally,
applying the rotating-wave approximation, we obtain the ef-
fective resonant interaction Hamiltonian as
H1 = g
′
AB
|10〉〈01|+ ε
2
|1〉
B
〈0|eiφ + H.c., (4)
where g′
AB
= J1(β1)gAB .
By setting g′
AB
= Ω cos(θ/2), ε = Ω sin(θ/2) with Ω =√
g′2
AB
+ ε2, and θ = 2 tan−1(ε/g′
AB
), the Hamiltonian in Eq.
(4) reduces to the block off-diagonal form
H1 = Ω
(
0 F
F † 0
)
, (5)
in the basis S = {|00〉, |10〉, |01〉, |11〉} with
F =
(
1
2 sin
θ
2e
−iφ 0
cos θ2
1
2 sin
θ
2e
−iφ
)
. (6)
Since matrix F is invertible, it has a unique singular value
decomposition F = WQR†, where
W =
(
sin θ4 cos
θ
4e
−iφ
cos θ4e
iφ − sin θ4
)
,
Q =
(
cos2 θ4 0
0 sin2 θ4
)
,
R† =
(
cos θ4 sin
θ
4e
−iφ
sin θ4e
iφ − cos θ4
)
. (7)
We can separate the four-dimensional (4D) Hilbert space of
the Hamiltonian H1 into two 2D subspaces of
S = S0 ⊕ S1, (8)
where S0 = Span{|00〉, |10〉} and S1 = Span{|01〉, |11〉}.
This implies that in the basis S the evolution operator splits
into 2× 2 blocks, which can be expressed as
U1(τ) =
(
W cos(aτQ)W
† −iW sin(aτQ)R†
−iR sin(aτQ)W † R cos(aτQ)R†
)
, (9)
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FIG. 2. Simulation results for the UP gate. State fidelity FP of the
initial state 1√
2
(|00〉+ |10〉) and gate fidelity FGP as a function of the
different decoherence rate.
where aτ = Ωτ , with τ being the total evolution time.
The 4D model can be used to achieve an arbitrary single-
qubit holonomic gate on target qubit A. The corresponding
gate construction is realized by evolving the system along an
orange-slice-shaped path [36, 45, 46], as shown in Fig. 1(c).
In the first path segment [0, τ2 ], we set φ = 0 and obtain F1 =
W1Q1R
†
1. Subspace S0 is evolved into subspace S1 via the
path P1 → P2 → P3 by choosing a certain time such that
cos(a τ
2
Q1) = 0 and sin(a τ2Q1) = Gi , where i = I or z,
GI = diag{1, 1}, Gz = diag{1,−1}. We note that, in order
to satisfy the above conditions, one needs to make sure that
the parameter θ 6= 2npi, where n is an integer. At point P3
in the Bloch sphere, we change the relative phase parameter
φ = γ. Similarly, we define F2 = W2Q2R
†
2 in the second
path segment [ τ2 , τ ] and then return S1 to the initial subspace
S0 via path P3 → P4 → P1 by choosing a certain time such
that cos(a τ
2
Q2) = 0, sin(a τ2Q2) = Gi. We obtain the final
evolution operator as
U1(τ) = U
(
τ,
τ
2
)
U
(τ
2
, 0
)
= U0 ⊗ |0〉B〈0|+ U1 ⊗ |1〉B〈1|, (10)
where the evolution operators U0 = −W2GiR†2R1GiW †1 and
U1 = −R2GiW †2W1GiR†1 act on target qubit A condition-
alized on states |0〉
B
and |1〉
B
of auxiliary transmon qubit
B, respectively. If we initially prepare auxiliary qubit B in
its ground state |0〉
B
, we select the evolution operator U0 in
the orthogonal subspace S0 = {|00〉, |10〉}. We further set
Gi = GI and γ = pi; the related evolution operator on qubit
A reads
U ′0 =
(
cos θ − sin θ
sin θ cos θ
)
= e−iθσy , (11)
which is a rotation around the Y axis by an angle θ. Alter-
natively, if we take Gi = Gz , the corresponding evolution
operator becomes
U ′′0 =
(
e−iγ 0
0 eiγ
)
= e−iγσz , (12)
which is a rotation around the Z axis by an angle γ.
The above processes are nonadiabatic holonomy transfor-
mations, because the following two conditions are satisfied:
(i) Hamiltonian H1 vanishes in the evolving subspace S0, i.e.,
P0H1P0 = U1(t)P0H1P0U
†
1 (t) = 0, (13)
where P0 = |00〉〈00| + |10〉〈10|. It shows that the evolution
satisfies the parallel-transport condition. (ii) The evolution of
the subspace S0 is cyclic, since
S0(τ) ≡ Span{U1(τ)|00〉, U1(τ)|10〉}
= Span{|00〉, |10〉} = S0. (14)
Thus, an arbitrary single-qubit holonomic gate on target qubit
A can be implemented.
However, in practical physical implementations, decoher-
ence is unavoidable. Therefore, we consider the decoherence
effect by numerical simulating the Lindblad master equation,
ρ˙1 = −i[Hc1, ρ1] +
∑
χ=A,B
{
κχ−
2
L (|0〉χ〈1|+ 2|1〉χ〈2|)
+
κχz
2
L (|1〉χ〈1|+ 2|2〉χ〈2|)
}
, (15)
where ρ1 is the density matrix of the considered system,
L (A) = 2Aρ1A†−A†Aρ1−ρ1A†A for operatorA, and κχ−
and κχz are the relaxation and dephasing rates of the transmon,
respectively. According to recent superconducting experi-
ments, we choose α
A
= 2pi×375 MHz, α
B
= 2pi×350 MHz
[47], ∆1 = 2pi× 245 MHz [43], β1 = 1/ν1 = 1/∆1 ≈ 1.6,
Ω = 2pi × 13 MHz (when g
AB
≈ 2pi × 11.41 MHz and
ε ≈ 2pi × 11.26 MHz). As demonstrated in Ref. [48], the
relaxation and dephasing rates of a transmon qubit are of the
same order, about 2pi × 1.5 kHz. Here, we assume that the
relaxation and dephasing rates of the transmon are the same,
i.e., κA− = κ
A
z = κ
B
− = κ
B
z = κ ∈ 2pi × [0, 10] kHz. We take
the phase-shift gate UP = diag{1, eipi4 } as an example, which
corresponds to γ = pi/8 in Eq. (12). Assuming that the initial
state of the two qubits is 1√
2
(|00〉+ |10〉), the phase-shift gate
results in the ideal final state |ψfP 〉 = 1√2 (|00〉+ei
pi
4 |10〉). We
first evaluate the performance of this gate by the state fidelity
defined by FP = 〈ψfP |ρ1|ψfP 〉. In Fig. 2, we use blue circles
to show the trend of the state fidelity with the decoherence rate
κ, and find that the state fidelity can reach about 99.64% for
κ = 2pi × 5 kHz. Moreover, to fully evaluate the gate, for
a general initial state |ψ1〉 = cos θ1|00〉 + sin θ1|10〉, UP re-
sults in an ideal final state |ψf 〉 = cos θ1|00〉+eipi4 sin θ1|10〉;
we define the gate fidelity as FGP =
1
2pi
∫ 2pi
0
〈ψf |ρ1|ψf 〉dθ1
[49], with the integration numerically done for 1001 input
states with θ1 uniformly distributed over [0, 2pi]. In Fig. 2,
we plot the gate fidelity as a function of the decoherence rate
κ with red triangles. We find that the gate fidelity is also about
99.63% for κ = 2pi × 5 kHz, which is experimentally acces-
sible. Finally, we want to emphasize that all the simulation
hereafter is based on the original interaction Hamiltonian in
Eq. (1) without any approximation, thus verifying our analyt-
ical results.
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FIG. 3. Simulation results for the SWAP-like two-qubit gate. State
fidelity FS of the initial state 1√2 (|000〉 + |001〉) and gate fidelity
FGS as a function of the decoherence rate.
III. NONTRIVIAL TWO-QUBIT GATES
Next we consider the construction of a kind of nontrivial
two-qubit holonomic gate on a pair of target qubits in the lat-
tice. Combining with the single-qubit holonomic gates, nona-
diabatic holonomic quantum computation can then be real-
ized. As shown in Fig. 1(a), we choose two target qubits, A
and C, to capacitively couple to the same auxiliary qubit B.
This three-qubit system is described by
Hc2 =
∑
χ=A,B,C
ωχnχ +
αχ
2
(1− nχ)nχ
+ g
AB
(a†b+ ab†) + g
BC
(b†c+ bc†). (16)
In the following, to get the resonant interaction between
transmon qubit pair A and B and pair B and C, we separately
add two different parametric modulations to the transition fre-
quency of transmons A and C by two microwave fields, which
are
ω
A
(t) = ω
A
+ 1 sin(ν1t+ pi/2),
ωC(t) = ωC + 2 sin(ν2t+ ϕ+ pi/2). (17)
By applying the rotating-wave approximation and setting
∆1 = ν1 and ∆2 = ωB − ωC = ν2, the finally effective
resonant interaction Hamiltonian can be shown as
H2 = g
′
AB
|01〉
AB
〈10|+ g′
BC
eiϕ|01〉
BC
〈10|+ H.c.,
(18)
where g′
AB
= J1(β1)gAB , β1 = 1/ν1 and g
′
BC
= J1(β2)gBC ,
β2 = 2/ν2.
Next, we explain how the above effective resonant inter-
action Hamiltonian can be used to achieve nontrivial two-
qubit holonomic gates on target qubits A and C. Resetting
g′
AB
= g cos(ϑ/2), g′
BC
= g sin(ϑ/2) with g =
√
g′2
AB
+ g′2
BC
and ϑ = 2 tan−1(g′
BC
/g′
AB
), the Hamiltonian can be reduced
to the block off-diagonal form
H2 = g(|0〉B〈1| ⊗K + |1〉B〈0| ⊗K†), (19)
where
K =

0 0 0 0
sin ϑ2 e
iϕ 0 0 0
cos ϑ2 0 0 0
0 cos ϑ2 sin
ϑ
2 e
iϕ 0
 (20)
is within the 4D orthonormal basis
{|00〉
AC
, |01〉
AC
, |10〉
AC
, |11〉
AC
}. We perform a unique
singular value decomposition on matrix K in the form
K = XY Z† with
X =

1 0 0 0
0 cos ϑ2 0 sin
ϑ
2 e
iϕ
0 − sin ϑ2 e−iϕ 0 cos ϑ2
0 0 1 0
 ,
Y =
 0 0 0 00 0 0 00 0 1 0
0 0 0 1
 ,
Z† =

0 0 0 1
0 sin ϑ2 e
−iϕ − cos ϑ2 0
0 cos ϑ2 sin
ϑ
2 e
iϕ 0
1 0 0 0
 . (21)
Here, we separate the eight-dimensional Hilbert space of the
Hamiltonian H2 into two 4D subspaces, i.e.,
M = M0 ⊕M1, (22)
where M0 = Span{|000〉, |001〉, |100〉, |101〉} and M1 =
Span{|010〉, |011〉, |110〉, |111〉} ( |ijk〉 = |i〉A⊗|j〉B⊗|k〉C ).
Accordingly, the evolution operator generated by H2 also
splits into two 4× 4 blocks, reading
U2(T ) =
(
X cos(bTY )X
† −iX sin(bTY )Z†
−iZ sin(bTY )X† Z cos(bTY )Z†
)
, (23)
where bT = gT with T being the evolution time. By choosing
a certain time such that cos(bTY ) = J = diag{1, 1,−1,−1}
and sin(bTY ) = diag{0, 0, 0, 0}, we can obtain
U2(T ) = V0 ⊗ |0〉B〈0|+ V1 ⊗ |1〉B〈1|, (24)
where the evolution operator V0 = XJX† and V1 = ZJZ†
act on target qubits A and C, respectively.
The obtained evolution operator is of a holonomic nature,
because the following two conditions can be satisfied: (i) Due
to [H2, U2(t)] = 0, HamiltonianH2 vanishes in evolving sub-
space M0, i.e.,
L0H2L0 = U2(t)L0H2L0U
†
2 (t) = 0, (25)
where L0 = |000〉〈000| + |001〉〈001| + |100〉〈100| +
|101〉〈101|; and (ii) the evolution of the orthogonal subspaces
M0 undergoes cyclic evolution, since
M0(T ) ≡ Span{U2(T )|000〉, U2(T )|001〉,
U2(T )|100〉, U2(T )|101〉}
= Span{|000〉, |001〉, |100〉, |101〉} = M0. (26)
A similar discussion is valid for the other subspace M1.
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FIG. 4. State fidelity FG of the gate sequence with the initial state
being 1√
2
(|000〉 + |001〉) and gate fidelity FGG as a function of the
decoherence rate.
Then, by initially preparing auxiliary qubit B in |0〉
B
,
i.e., selecting the evolution operator V0 in subspace M0 =
Span{|000〉, |001〉, |100〉, |101〉}, we can obtain a nontrivial
two-qubit holonomic gate,
V0 = X × diag{1, 1,−1,−1} ×X†
=
 1 0 0 00 cosϑ − sinϑeiϕ 00 − sinϑe−iϕ − cosϑ 0
0 0 0 −1
 , (27)
on target qubits A and C. When ϕ = pi and ϑ = pi/2, we can
get a SWAP-like two-qubit gate [50],
VS =
 1 0 0 00 0 1 00 1 0 0
0 0 0 −1
 , (28)
which is a nontrivial two-qubit gate for quantum computation.
We next take the above SWAP-like gate as an example to
verify the performance of this kind of nontrivial two-qubit
gate. Here we choose ∆1 = 2pi × 245 MHz, ∆2 = 2pi × 230
MHz, and β1 = β2 ≈ 1.6. We set the value of anhar-
monicity αC = 2pi × 310 MHz and the transmon-transmon
coupling strength gAB = gBC ≈ 2pi × 11.41 MHz. Sup-
pose the initial state of the three qubits is 1√
2
(|000〉+ |001〉).
The corresponding ideal final state can be shown as |ψfS 〉 =
1√
2
(|000〉 + |100〉). Here we evaluate this gate by the state
fidelity defined by FS = 〈ψfS |ρ2|ψfS 〉. In order to fully
evaluate the performance of the implemented two-qubit gate,
we consider a general initial state |ψ2〉 = (cosϑ1|0〉A +
sinϑ1|1〉A) ⊗ |0〉B ⊗ (cosϑ2|0〉C + sinϑ2|1〉C) whose ideal
final state takes the form |ψf 〉 = VS |ψ2〉. The associated gate
fidelity is defined as FGS =
1
4pi2
∫ 2pi
0
∫ 2pi
0
〈ψf |ρ2|ψf 〉dϑ1dϑ2
with the integration numerically done for 10000 input states
with ϑ1 and ϑ2 uniformly distributed over [0, 2pi]. In Fig. 3,
we plot the state and gate fidelities as a function of the deco-
herence rate κ, represented by blue circles and red triangles,
respectively. A gate fidelity as high as 99.41% can be reached
when κ = 2pi × 10 kHz. Note that the best two qubit gate
fidelities in the experiment in Ref. [51] is 99.40% for a deco-
herence rate of around 2pi × 4 kHz.
IV. DISCUSSION AND CONCLUSION
Above we have constructed a set of universal nonadiabatic
holonomic quantum gates. To demonstrate the robustness and
scalability of our scheme in a more practical scenario, we now
perform numerical simulation of a gate sequence which con-
tains both single- and two-qubit gates, and calculate the cor-
responding fidelity of the whole process. Three qubits (A, B,
and E) are involved in the simulation and the gate sequence
U
BE
P V
ABE
S U
AB
P is carried out. From right to left, the sequence
means applying a UP on target qubit A with the help of aux-
iliary qubit B, a SWAP-like gate VS on qubits A and E, and,
finally, a UP on target qubit E. The parameters of qubit E are
αE = 2pi × 325 MHz and ∆3 = ωB − ωE = 2pi × 235
MHz. The general initial state used in the simulation is
|ψ′〉 = (cos θ′|0〉
A
+ sin θ′|1〉
A
) ⊗ |00〉
BE
. After applica-
tion of the gate sequence, the corresponding ideal final state
reads |ψ′f 〉 = |00〉AB ⊗ (cos θ′|0〉E + sin θ′ei
pi
2 |1〉E). We first
choose a specific initial state in which θ′ = pi4 and plot the
state fidelity FG = 〈ψ′f |ρ′|ψ′f 〉 as a function of the decoher-
ence rate. Then we choose 1001 input states with θ′ uniformly
distributed over [0, 2pi] and obtain the gate fidelity FGG by av-
eraging all the state fidelities. The corresponding results are
illustrated in Fig. 4 which shows that the fidelities can reach
about 99% within 2pi × 5 kHz.
In summary, we have proposed to implement nonadia-
batic HQC in a coupled superconducting transmon system.
Through control of the amplitudes and relative phases of a
driving ac magnetic modulating flux, fast and high-fidelity
universal quantum gates on target transmon qubits can be ob-
tained, in a tunable and all-resonant way. Thus, our scheme
provides a promising way towards the practical realization of
high-fidelity nonadiabatic HQC.
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